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Abstract

A spectral Chebyshev-collocation method is devised for the 1-1/2 layer nonlinear reduced-
gravity equations. Following a gencral description of spectral methods with their applica-
tion to meteorological and occanographic problems the implementation of the numerical
technique is described. A bicharacteristic scheme is applied to solve the cquations at the
boundaries incorporating the boundary conditions. This treatment enables stable time in-
tegrations (spectral methods in general are very sensitive to boundary errors). A simple
transfinite grid generation method is used to construct grids over irregular (non-rectangular)
simply-connected domains.

The model is used in a study of the dynamics of Yanai (or mixed Rossby-gravity) wave
packets. These are of interest becanse of the observations of equatorial instability waves
(which have the characteristics of Yanai waves) and their role in the momentum and heat
budgets in the tropics. A scries of experiments is performed to investigate the generation
of the waves by simple cross-equatorial wind stress forcings in various configurations and
the influence of a western boundary on them. They may be generated in the interior ocean

as well as from a western boundary. The obscervations from all the occans indicate that the

X1



waves have a preferential period and wavelength of around 26 days and 1000 km vespectively.
This is scen in the model results too and @ plausible explanation is provided as being due

to the dispersive properties of Yanai waves.
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Chapter 1

Introduction

Since the beginning of research in numerical modelling of geophysical flows, finite differ-
ence techniques have been widely used and continue to be developed. With the advent of
high-speed digital computers. scientists and mathematicians have collaborated in carnest.
sceking accurate and efficient ways to compute numerically the flow fields for the atmosphere
and the oceans. For the nonlinear shallow water equations, Arakawa (1966) [1] devised a
mumerical technique which prescrves three constraints (namely, the conservation of energy.
censtrophy, and mean vorticity) of the governing differential cquations, in finite difference
form. This is an elegant approach for dealing with the nonlincar instability or aliasing
error. Arakawa showed that it is possible to construct schemes that are not only free of
the nonlinear computational instability, but also free of the spurions inflow of energy to the
short waves which cause this instability, instead of artificially suppressing their amplitudes.
Grammeltvedt (1969) [19] gives a survey of finite difference schemes, some of which are still

being used in metcorology and oceanography today.
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There are, of course, other popular numerical techniques to solve partial differential
cquations. Spectral methods belong to one such class of teciimiques, and although they are
not so widely used as finite difference methods in oceanography, they do provide a very
powerful tool for solving certain types of problems. Finite difference methods are “local”
methaods, in the sense that the computed solution at a grid point depends only on the local
spatial solution at the current and a few recent time levels. They may suffer from poor
phase speed representations of the waves being modelled. Spectral techniques, on the other

hand, are “global” methods and can generally give improved phase speeds.

1.1 Spectral Methods In Geophysical Modelling

A spectral method was introduced into meteorological modelling by Silberman (1954) [53]
using the non-divergent barotropic vorticity equation. In spherical geometry, he expanded
the solution as a sum of surface spherical harmonics using Legendre polynomials. Other
authors followed suit with this method. including Platzman (1960) {50]. Bacr and Platzman
(1961) [2]. As pointed out by Platzman (1960) [50]. one of the principal advantages of this
spectral technique over finite difference schemes is that it prevents nonlinear computational
instability, because there is no spurious energy cascade to the shorter wavelengths. However.
such a model was not considered to be competitive with other methods at high resolution.
The scheme is inefficient due to the large number of computations per time step needed for
the nonlinear terms in the equations. The number of these computations grew as O(N?)

(in the one-dimensional case), where N is the number of harmonics retained. Most finite



difference methods require O(N) computations (N here being the number of grid points).

Eliasen et al. (1970) {13] and Orszag (1970) [44], working independently, introduced
the so-called “transform method”, which brought about a renewal of interest in spectral
methods for meteorological modelling. The concept is to carry out multiplications involving
nonlinear terms in physical space and transform back to spectral space again for the lincar
dynamics. This reduces the operation count from O(N?2) to O(Nloga(N)) making the
spectral method competitive in efficiency with standard finite difference techniques at high
resolution. Naturally, the success of this scheme was dependent upon the already available
fast transform methods, such as, for example, the Fast Fourier Transform (Cooley and
Tukey, (1965) {10] ) in the case where trigonometric functions are used as basis functions.
With an increase in resolution without much of a loss in efficiency, another important
aspect of the spectral method came into play, namely its rate of convergence. This is
often referred to as “spectral accuracy”™. It means that the truncation error decays faster
than any polynomial in (1/N). where N is the number of basis functions used in the
truncated series expansion for the solution. Finite difference methods have an algebraic rate
of convergence, so that, for example. a second order accurate scheme has an error which
decays as O(1/N?), N being the munber of grid points used. In other words, for a given
accuracy, the spectral method requires much fewer basis functions than grid points needed
for the finite difference  scheme. Thus, at high resolution, therc is a substantial saving in
computer storage space with the former. For problems in meteorology and occanography.

this can be a very significant advantage.



1.1.1 Spectral Methods In Ocean Modelling

Bretherton and Karweit (1975) {4] introduced a G-layer quasi-geostrophic model for mid-
ocean mesoscale modelling over a limited area domain. They assumed that the non-
divergent part of the velocity field was doubly periodic and used a Fourier spectral method
to solve the Poisson equation resulting at each time step. Such a model has become pop-
ular with ocean modellers for the study of the dynamical propertics of the mesoscale eddy
ficld under simulated mid-ocean conditions. Rhines (1975) {52] used this method . as did
Haidvogel and Held (1980) [22] and Haidvogel (1983) [21].

It is also possible to attain “spectral accuracy” with a model where the domain is
not doubly periodic. If the physical domain has solid wall boundaries. for example. then
cither Chebyshev or Legendre polynomials may be chosen as basis functions to yield this
accuracy. A further discussion on this topic will be given later. For limited arca modelling in
oceanography several authors have described spectral models using Chebyshev polynomials
(e.g. Haidvogel et al. (1980) [23]. Jensen and Kopriva (1988) [29]). Fulton and Schubert
(1987b) [15] described different limited arca, nonlincar shallow water models with Chebyshev
basis functions. They have implemented models with both open and solid wall boundary
conditions. Mixed basis functions can also be used, e.g. with channel models. In a study
of the circulation driven by oscillatory winds, Haidvogel and Rhines (1983) {20] used a
Chebyshev and a sine series expansion. As a general rule (see Boyd (1989, p. 2) [3] ) it i»
best to use Chebyshev polynomials for spatial dimensions which are not periodic, and to

use Fourier series for spatial dimensions which are periodic.






