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Computational Design for Long-Term Numerical
Integration of the Equations of Fluid Motion:
Two-Dimensional Incompressible Flow. Part I

Akio Arakawa

University of California, Los Angeles

The integral constraints on quadratic quantities of physical impor-
tance, such as conservation of mean kinetic energy and mean square
vorticity, will not be maintained in finite difference analogues of
the equation of motion for two-dimensional incompressible flow,
unless the finite difference Jacobian expression for the advection
term is restricted to a form which properly represents the interaction
between grid points, as derived in this paper. It is shown that the
derived form of the finite difference Jacobian prevents nonlinear
computational instability and thereby permits long-term numerical
integrations. 0 1966 Academic Press

INTRODUCTION

A major difficulty, which has blocked progress in long-
term numerical integration of the equations of fluid mo-
tion, has been nonlinear computational instability of the
finite difference analogues of the governing differential
equations. The existence and cause of this instability was
first called to our attention by Phillips [1, 2].

The instability can be illustrated by integration of the
vorticity equation for two-dimensional incompressible
flow,

%,

S EvvE=0, (1)

where

v=k XV,
=k -VXv=V%,

and i is the stream function, V is the two-dimensional
del operator, and k is unit vector normal to the plane
of motion.

Equation (1) can be rewritten as
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where J is the Jacobian operator with respect to the rectan-
gular coordinates, x and y, in the plane.

When the Jacobian in this equation is replaced by space-
differences of the usual form,

1
Jij (& ) = I [(G1j— G1) (Wi — Y1)
4)
= (Gjr1 = Gj-1) Wiy — Y1),

where i is the finite-difference grid index in x, j is the index
in y,and d is the grid interval, and the equation is integrated
over some tens of time steps, using an ordinary time-cen-
tered differencing scheme, it is found that the solution
begins to show a characteristic structure termed ‘‘stretch-
ing” or “noodling” [3, 4]. This is a structure in which the
motion degenerates into eddies of a few grid intervals in
size and of elongated, filamented shape.

The early stages of this noodling can be due to physical
processes, but, once formed, the eddies usually intensify
without limit, causing computational instability and explo-
sive growth of the total kinetic energy of the system. It is
also observed that as integration proceeds the energy is
distributed over a broader and broader range of wave
number.

Platzman [3] recognized the existence of ‘““aliasing er-
rors,” or errors due to misrepresentation of the shorter
waves because of the inability of the finite grid to properly
resolve them. Phillips [2] further showed that the above
computational instability can be caused by this “‘aliasing.”
In addition, Richtmeyer [5] pointed out that, in a one-
dimensional hyperbolic problem, if the disturbance is out
of the properly defined linear range the rate of false growth
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cannot be reduced by shortening the time interval. Miya-
koda [6] showed that this type of computational instability
(which Phillips found for the nonlinear equations) can also
occur in a linear equation with nonconstant coefficients.

For long-term integration of the equations of fluid mo-
tion it is necessary to overcome the computational instabil-
ity through proper computational design of the integration.
Because this nonlinear instability has its origin in space-
truncation errors, this paper will be concerned with the
proper form of space-differencing. It will describe the prin-
ciple and give some examples of space-difference schemes
in which the nonlinear computational instability does not
appear. The paper will discuss, moreover, not only the
stability of the difference scheme, but also how well the
scheme similates other important properties of the continu-
ous fluid, such as the constraint on the spectral distribution
of its energy.

I. CONSTRAINTS ON THE ADVECTION TERM

Equation (1) implies the conservation of vorticity for
individual fluid particles and, therefore, the frequency dis-
tribution of the vorticities of the fluid elements does not
change with time in two-dimensional incompressible flow.
Moreover, since the advection of vorticity, like the advec-
tion of any quantity in two-dimensional incompressible
flow, can be expressed by a Jacobian, as in (2) or (3), we
can easily see that there are strong integral constraints on
the advection term, which come from the nature of the
Jacobian. Among these constraints, the following are the
simplest ones with which we are concerned:

J(p,q) =0, Q)
pJ(p,q) =0, (6)
qJ(p,q) =0, (7

where p and g are any arguments and the bar denotes the
average over the domain in the plane of motion, along the
boundary of which either p or g is constant. From these
integral constraints, applied to the advection of vorticity,
we can see that the mean vorticity, £, the mean kinetic
energy, K = 3 v* = 3 (V ¢)°, and the mean square vorticity,
V = [? = (V%)?, in a closed domain, across the boundary
of which there is no inflow or outflow, are conserved
with time.
Expanding ¢ into the series of orthogonal harmonic
functions, i, which satisfy

Vz‘r/’n + k%tl!fn =0, (8)

we get
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dK _ d

= Ek—o K, =

(Vdfn)z, )

and

av._d G- v, &=k, o)
dr 2
Therefore, the average wave number, k, defined by
> kK,
k*=-" (11)

DK,

is conserved with time. This shows that no systematic one-
way cascade of energy into shorter waves can occur in two-
dimensional incompressible flow, as Fjgrtoft [7] pointed
out. If we consider, for example, three waves (or three
groups of waves, each of which has a characteristic average
scale), only the following energy exchanges are possible:

KL (_KM_) Ks,
or
KL_) KM(—K_S',

where K, Kj;, and Ky are the mean kinetic energies of
the long wave(s), medium wave(s), and short wave(s), re-
spectively. Moreover, it turns out that relatively little en-
ergy exchange can take place between K, and Ky, com-
pared with the energy exchange between K; and K.

It can also be shown, from the conservation of mean
square vorticity, that the mean square total deformation,

D% + D3, is also conserved. Here
p, =L (a_u _ 6_v>,
2\ox 9y
(12)
p,=1 (a_u N a_v>,
2\dy oIx
u= _6_¢f’ an—dl, (13)
ay X
and there is an identity:
4J(u,v) = > — 4(D3 + D3). (14)

As we have seen so far, the simple integral requirements,
(5), (6), and (7), lead to important integral constraints
on two-dimensional incompressible flow. But not only the
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mean vorticity and the quadratic means (such as mean
kinetic energy, mean square vorticity, and mean magnitude
of deformation) are constrained. The spectral energy distri-
bution is also constrained, because the average wave num-
ber defined by (11) is conserved. Of course, these con-
straints are not sufficient to keep the frequency distribution
of vorticity constant. However, it should be noted that the
constraints on the mean vorticity, ¢/, and on the mean
square vorticity, %, are the constraints on the first and
second moments of the frequency distribution of the vor-
ticity.

One can easily visualize that in the usual scheme, given
by (4), these integral constraints might not be maintained
in a proper way. But if we can find a finite difference
scheme which has constraints analogous to the integral
constraints of the differential form, the solution will not
show the false “noodling,” followed by computational in-
stability.

If we are only concerned with avoiding the computa-
tional instability, the conservation of either of the quadratic
means (the mean kinetic energy or mean square vorticity)
will be sufficient. But it is very desirable to require the
conservation of both, because together they are a con-
straint on the spectral change of energy, as previously
shown. Moreover, conservation of only one of these qua-
dratic means is equivalent to the abandonment of the Ja-
cobian property that J(p, q) = —J(q, p), and hence that
J(p,p) = 0.

It is known that the spectral computation of the Jacobian
in wave number space, by means of truncated Fourier
series (or spherical harmonics for the motion on a sphere),
allows the conservation of the quadratic quantities. The
energy and the square of the vorticity can be transferred
from one wave to another, in a consistent manner, without
the false gain or loss of these quantities. However, spectral
computation has a practical disadvantage, in that the com-
putation time increases as the square of the number of
degrees of freedom, whereas there is only a linear increase
of the computing time when using a finite difference
scheme.

Our problem, then, is to find a finite difference scheme
for the Jacobian, by means of which the two quadratic
quantities, the kinetic energy and the square of the vortic-
ity, are transferred, in a two-dimensional plane, from one
grid point to another, without false gain or loss. In this
way, the integral constraints on the quadratic quantities
will be maintained when the integration is replaced by the
summation of the quantities at the discrete grid points.

Lorenz [8], in dealing with the equations for a three-
dimensional motion, showed how one can maintain inte-
gral constraints on quadratic quantities when vertical deriv-
atives are replaced by vertical finite differences. In that
work, he kept the horizontal derivatives in their differential
form. But his procedure for the single vertical dimension
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gives us the clue to the treatment of the two-dimensional
horizontal differencing.

II. FINITE DIFFERENCE ANALOGUES
OF THE JACOBIAN

The finite difference analogue of the Jacobian at the
grid point (i, j) may be written, in a relatively general
form, as

kﬂi,j(f, ) = 2 Z Cijuirjairjr Givir jojr Wivin jajrs (15)

o
LEYANAY)

where (., j; is the vorticity at a neighboring grid point
(i +1i',j+j) and ;4 is the stream function at a
neighboring grid point (i + i”, j + j”). The coefficients
Cij.ij: i Must be chosen in such a way that (15) is an
approximation to the Jacobian with the order of accuracy
we need. In addition, we have the requirements mentioned
in the last section, which are now constraints on these coef-
ficients.

In order to see when the square of the vorticity is con-
served, it is convenient to define
(16)

ai,j; i+i',j+]" = E Ci,]'; i llfiJri”,jJrj”;
i

thus a; ;1 j:y is a linear combination of i, or, in fact, a
linear combination of the velocity components as ex-
pressed by finite differences of the stream function. Then
we have

J]i,j(é’ ) = 2 @ jiivivjij Givir jij - 17)
iy

When all of the {;.; ;. are formally put equal to a constant,
the Jacobian must vanish, regardless of the value of the
constant. Thus we have

2 A j.ivinj+j = 0, (18)
i

which is a finite difference expression for V - v = 0, as we
shall see, later, more clearly.
Multiplying (15) by 2¢;;, we obtain

20, 9i,(6 ) = 2 23 jisi oy Gij Givir o - (19)
i',j'

From (2), we see that the left hand side of (19) is the time
change of ¢7; due to advection. Therefore, we can interpret
the term 2a; ;. ;1i ;o i jdivej+y @s the square vorticity gain
at the grid point (i, j) due to the interaction with the grid
point (i +i',j + j'). Similarly, 2a;.; j+j,:; {i+i j+j {ij can be
interpreted as the square vorticity gain at the grid point
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(i +1i',j +j') due to the interaction with the grid point
(i, j). These two quantities must have the same magnitude
and opposite sign, regardless of the values of {; ;and {1y j+/,
in order to avoid false production of square vorticity.
Therefore, we have the requirement

(20)

Aivijvjiij = —Qijivi j+j s
in particular
(20")

Qj.ij= 0,

if the square vorticity is to be conserved in the finite differ-
ence scheme.
Replacing i by i — i’ and j by j — j’ in (20), we get

Aijsi-it,j-j = —Ai-i'j-j3ij- (21)
Equations (17) and (18) are now rewritten as
‘J]i,j(§9 l,b) = 2* [ai,j:i+i',j+_j' §i+i',j+j’
i,j
— iy Givijp ) (22)
2* [ai,[,i+i’,j+j’ - ai—i',j—j’;i,/] =0, (23)
i

where E,XJ denotes the summation for the indices j' > 0,
i"” Z0andj = 0,i > 0. Taking into account (23), (22)
can also be rewritten as

\J]i,j(g, ) = g* [ai,j; i+ 4 (§i+i’,j+j’ - gz;) (24)
iy (G = Gvj-))s

or

J]i,j(é: l//) = 12]* [ai,,’; i+t (§i+i’,/+j' + fi,/) (25)
~aicijoji (G + Gmi )]

Equations (23), (24), and (25) correspond to the differen-
tial forms

—3V-v=0, (26)
J(G ) =—v- V¢ (27)

and
J(&p) ==V -(v)). (28)

The form given by (24) may be called an ‘“advective
form” and the form given by (25) may be called a “flux
form,” and both are identical in the non-divergent case.
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The flux form, given by (25), shows that the flux of a

quantity from grid point (i, j) to (i + i’,j + ') is expressed

as the product of the corresponding mass flux and the

arithmetic mean of the quantities at the two grid points.

The finite difference analogue for the vertical flux of poten-

tial temperature, obtained by Lorenz [8], has this form.
Multiplying (22) by 2¢;;, we get

28,di,(89) = 2* (2 ;v jor Gij Givir o
i

: (29)
=201 j-jij G- j-y Zi,/]-
It is seen that the right-hand side again consists of the
differences of fluxes of the square vorticity in which geo-
metrical means appear, in contrast to the arithmetic means
in (25). We see, therefore, that if (20) and (20") hold,
both J; ;(¢, ) and 2¢; ;J; ;(, ) can be properly written in
flux forms.
In the usual finite difference scheme for the Jacobian,
given by (4), we have

1
Qiiislj = g2 (Y1 = i), (30.1)
1
Qijii-1,) = —@(lﬂi,ﬁl = ij-1)s (30.2)
1
ijijir = ~ gz Wiy = ey, (30.3)
1
Aijij-1= a4 (l!fm,j = i), (30.4)

for arbitrary i and j. Replacing i by i + 1 in (30.2), and
replacing j by j + 1 in (30.4), we get

1 ,
isjiij = ~ g7 (Piv1je1 = Yisrj-1)s (30.2")

and

1 ,
A jit1;ij = @('ﬂm,]‘ﬂ = i1 j41) (304"

Comparing (30.1) with (30.2"), and (30.3) with (30.4"), we
see that equation (20) is not satisfied by the finite difference
scheme given by (4). The net false production of square
vorticity, due to the interaction between the grid points
(i, j) and (i + 1, j), and that between the grid points (i, j)
and (i, j + 1), in this scheme, are

201+ A jiig) Gij i

1
= o8 (101 — e jo1) — Wijer — -] Gy G
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and
2a; i1+ ijercig) Gij G

1
= ﬁ [(¢i+1,j+1 - l/fi—l,j+1) - (¢i+1,]‘ - lpi—l,j)] Gij Lijar-

These can be rewritten as

3 (Di1njiin + Divinj-12) Gij G
and

—3 (Di+1/2,j+1/2 + Di—l/2,j+1/2) 5‘,;’ @t,;’ﬂ >

where

1
Di+1/2,j+1/2 = __z(lrlli+1,j+1 + lrl/i,]' - lpi,jJrl - ¢Ii+1,j)
d

is a finite difference analogue of —a%y/dxdy, which is a
component of the deformation tensor. Furthermore, the
false production of square vorticity, for which D12 j+12
is responsible, is expressed as

D1 (G Gyt Gt Gorjor — G G
= Giv1j Ger 1) = —1 Divinjern [(Gy — &)
+ (G jer — Gijer)? = (Gojer — G))* = (G jor — L))

which is a finite difference analogue of the quantity

s[5 - ()

2 dxay ax ay
computed for the point (i + 3,j + 3). If higher order terms
in the grid size, d, are neglected, then the expression (31)
gives a measure of the false production of square vorticity.
Whether the total square vorticity for the whole domain
increases or decreases depends on whether the correlation
between 8%/dxdy and (9l/9x)*> — (3¢/9y)? is positive or
negative. However, solutions of the vorticity equation seem
to prefer a positive correlation. For example, where 9%/
dxdy = dv/dy = —adu/dx > 0, an eddy tends to shrink in
the x-direction and stretch in the y-direction, causing the
magnitude of the vorticity gradient in the x-direction to
be larger than the magnitude in the y-direction, and this
gives a positive correlation.

The general form of the finite difference analogue of

the Jacobian at grid point (i, j), given by (15), may also be
rewritten as

(1)
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Ji(& ) = 12]: bijiivirjsjr Yivirjijes (32)
where
bijiivinjijr = ; Cijuir i Gii jj - (33)
Corresponding to (18), we obtain
(34)

> bijiivinjep = 0.
&

Furthermore, corresponding to (20), the integral con-
straint, JJ(, ) = 0, which results in the conservation of
the kinetic energy in a closed domain, is simulated by
requiring that

bi+i”,j+j";i,j = _bi,j;i+i",j+j" (35)
in the finite difference scheme. The usual difference
scheme, given by (4), does not satisfy this requirement and
therefore it does not conserve kinetic energy.

For simplicity, let us now consider the following four
basic second order finite difference analogues for a
square grid:

1
Jii () = iz (G = Gi1) Wijer — Y1)

= (Gijr1 — 1) (i — i) (36)
1
\J]ij(f, ¢) = @ [§i+1,j(l/li+1,j+1 - lﬂiﬂ,j—l)
= Gio1j (i1 — Yim1j-1)
= G (P — i je1)
+ o1 o — Yim1 1)), (37)
1
J]ixf(fy W) = 4Td2 [§i+1,/+1(¢’i,j+1 - l!fm,j)
=i (Wi — i)
=GPy — ¥iory)
+ G Wiy — i) (38)

Ji (g ) = # [(Gisrje1 = Grj1) Wimajor — ivnj1)

- (fi—l,jﬂ - Q‘H,f—l) (‘!’M,,‘H - ‘lli—l,,'—l)]-
(39)

All four of these finite difference Jacobians maintain the
integral constraint given by (5) and all have the same order
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of accuracy, as we shall see in Section III. More general
finite difference analogues for the Jacobian may be ob-
tained by linear combinations of these four basic Jacobians.
Thus we put

Jij (& ) = o Bif (& ) + B (& )
+y I (6 ) + 6054 ),

(40)

wherea + B+ y+ 6 =1.
For this Jacobian, we have
1
ijiit1j = 13 oW js1 — Pij-1) + B(Wisr o1 — Pier 1))
(41.1)
Pij1) — B(i1j1 — Yir-10)]s

(412)

1
Aiji-1j = 4d2[ a(d’tﬁ]

1
@[_a(‘ﬂiﬂ,]’ - 'ﬂi—l,j) - B(‘;DHl,jH - ¢i—1,j+1)],

Gijiije1 =
(41.3)
1
Qijiij-1= 4_d2[0‘(‘/’i+1,j = Y1) + B — i),
(41.4)
1 [ )
Qjji+1,j+1 = @ 'Y(lﬁi,jﬂ - lPi+1,j) + 5(%—1,;41 - lﬁi+1,j—1) >
(41.5)
1| S 1
ijii-1j1 = 3 —yY(i1;— Yij1) — 5('!4‘—1,]41 = Y1) |»
(41.6)
1 [ ) 1
Q; j: i-1,j+1 4_d2 _’Y(lr’fi,jﬂ - llfi—l,j) - E(ln[/iﬂ,jﬂ - 1115—1,/—1) >
(41.7)
1 [ s
ijiis1j-1 = 773 Y( Wi — Yij1) + 3 (W1 jo1 — i) |5

(41.8)

From (41.2), (41.4), (41.6), and (41.8), respectively, we get

1
4d2 [ a(l,[/m J+1 ¢i+1,/—1) - B(d’i,/ﬂ - l!/i,jl):|,

Ai1,jiij =

(41.2")
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1
ijeiij = g |:Ot(il/i+1,j+1 = Y1) T B — 4&'1,;)],

(414"
1| 5
Ait1,j+1;0,) 4d2 V(l!/,',/+1 - ¢’i+1.j) - 5 (l!/i,,‘+2 - ‘lfi+2,j) s
(41.6")
1 _
Ai-1,j+1;0f 4d2 y(l/ji,jJrl lpl 1]) +5 (¢rl j+2 lpi’z»]‘) .
(41.8")

Comparison of (41.2") with (41.1), (41.4") with (41.3),
(41.6") with (41.5), and (41.8") with (41.7) reveals that

a=p 5=0 (42)

are required in order to satisfy (20). Thus, the scheme
al Jif (& 9) + 374 )] + v I (& ¢), where 2 + y =1
is a square Vortlclty conserving scheme.
In a similar way, it can be shown that
6=0

a=ry, (43)

are required in order to satisfy (35). Thus, the scheme

o 78 ¥) + 57 9] + BIF (L, ), where 20 + B =1
is an energy conservmg scheme.

The scheme which satisfies both the conservation of
square vorticity and the conservation of energy is given by

a=B=y=3 6=0. (44)

By the choice of the coefficients «, 8, vy, and &, one can
obtain, among others, the forms of the Jacobian in Table
I. The table shows which of these typical Jacobians, which
are sometimes used, satisfy J({, ¢) = —J (i, {) or conserve
the mean square vorticity or the mean kinetic energy. Only
the linear combination [J;//({, ¥) + /(¢ ) + I57(, ¢)]/
3 will satisfy J(¢, ¢) = —J(¢, {) and also conserve both of
the quadratic quantities.

This last scheme can be written as

1
Jii(& ) = EETYE [(Yij1 + i1 — Yijr — Yisajnr)
Gy = &)+ (Wi + o — Gr o — Yiji)
(&= Gi1)) T Wiy + e jor — Yy — Yierj)
(G = &) + Wisrjmr + Py — o1 — $ie1))
(&j = Gij-) + Winrj = o) (G o — Gij)
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TABLE I

Properties of Typical Jacobians

J 4+ g I 4 Xt D 4+ gt J + P+ g
I ) O g+ I NES 2 2 2 3
JE& ) = I ) / v v
Square vorticity
conserved v v v
Kinetic energy
conserved v v v
“ A check mark indicates that the property in the left-hand column is maintained.
+ (W1 = i) (G = Grjm1) + (Wijer — i) I ) =T )
(G-1je1 = &j) + Wierj = Yjr) (G — i) I KIS TS A N S LA L
(45) 6 |axay> adyox® axPay 0yox
+ 0(d%), (47)
of I ) =T )
1 I T T S A L L
Jii (& W) = D8 (i1 + st jor = Pijrr = Pisr ) 6 [oxay> ayox® oxPay a9y ox
G+ Gp) = Wimrjor + o = Yoo — Pijin) +3 <8_§_a32‘!’ — 6_5_63‘!’2)
dx 0x°9 dy 0x0
(Gj+ &) T Wy + ierjon — Yoy — Yiorjin) yoooyery
2 2 2
(Gijer + &) = Wierjor + P = Pimrjor — Yien)) +3 <§7£ — g—yi> %] + 0(d%), (48)
Git L) + Wiy — G (G jon + &y
(G ) W = i) G+ 4) L) =T W)
= (Wijo1r = 1) (G + Gej-) + (i — 1))
4 d*| Py 9Ly N Loy Loy
(Gvjor * &) = (Whory — i) (G + G0l 6 |oxay® gy axday 9yl ox
46
0 (2 v )
) ) dx 9x2dy 9y dxay?
Equations (45) and (46) correspond to the advective form
and thq flux form of the Jacobian, given b.y (24) and (25), _3 Py P\ 9 T oY (49)
respectively. The property of the Jacobian J,;({, ¢) = ox*  ay*) ox ay ’

—J;;(¢, {), which requires that 8 = v, is automatically sat-
isfied.

III. ACCURACY OF THE DIFFERENCE SCHEME

Since the finite difference scheme for the Jacobian, given
by (45) or (46), is a linear combination of the basic second
order finite difference schemes (36), (37), and (38), we can
expect that this scheme has an accuracy of the same order
as that of the basic schemes. Expanding ¢ and ¢ into Taylor
series around the point (i, j), we have

where the subscripts i, j are omitted. Since our Jaco-
bian, denoted by Ji({, #) in this section, is given by
(074 &) + 37 ) + I7(L $)]/3, we have

‘ﬂl(§> (1[/) = J(g’ d’)

d> 1oLy 9Ly Loy 3oy
o |22y _2ef B, 7o Co0¥
6 [axay> ayox® axay a9y’ox
(50)
<ag Py A Y L 2L\ Y
+ (= -2 N et A
dx 0x%dy  dy dxdy? x> 9y*) ax ay
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(aw Loy a3§>_<@ a2w> 625]
dx ax2dy Ay dxay? x> 9y?) ox ay
+ 0(d%).

To examine a phase error, we consider a simple
stream function

y=—-UY + Asin kX, (51)

where (X, Y) are rectangular coordinates obtained by the
rotation of the coordinate axis through the angle 6. That is,

X =xcos 6+ ysin 0
. (52)
Y= —xsin 6+ ycos 6
The vorticity is given by
(= —Ak?*sin kX. (53)

In a finite difference calculation, the vorticity is also ex-
pressed in a finite difference form; but, here, the exact
form (53) is used in order to estimate the error resulting
only from the finite difference scheme for the Jacobian.
The error in the usual scheme J**(¢, ), given by (47), is

0 (kd)?

UaX 6

(cos* 0 + sin* ) + O(d*). (54)

By contrast, the error in the scheme J;({, ), given by
(50), is

a¢ (kd)?

UBX 6

(cos? 6 + sin? 6)? + O(d*). (33)

In the range 0 = 6 = /2, the factor (cos* 6 + sin* ) in
(54) has the maximum value 1 at 6 = 0 and 6 = #/2 and
has the minimum value 1/2 at 6§ = /4. On the other hand,
the factor (cos? 6 + sin? )2 in (55) is always 1, which means
the orientation error is removed in this case. Although the
error in this scheme is larger around 6 = 7/4, it does not
exceed the maximum value of the error in the ordinary
scheme.

There are many other schemes, in addition to J{(¢, #),
which conserve the square of vorticity and the energy. For
example, if we use the additional grid points (i + 2, j),
(i —2,7), (G, j+ 2),and (i, j — 2), and other scheme,
J2(¢, ), defined by

Do ) =3[ o) + 3G ) + 37 B, (56)
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also conserves the square of vorticity and the energy. Here
J**(¢L, ¢) is defined by (39) and

Ji (&) = 3P [§i+1,/+1(¢’i,j+2 — i)
- fi—l.j—l(lﬂi—z,]’ — ij-2)
- {i*l,]#l(lpi,]”rz - ‘pi—z,j)
+ 1 (Piray = Yij-2)]s (57)
1
J];:]X(g, ¢) = @ [§i+2,,f(¢i+l,j+1 - ‘/fi+1,f*1)
- gt—z,/(l!fi—l,jﬂ + llji*l,/’*l)
- gi,]'JrZ(ly[fiJrl,jJrl - l!’i*l,]#l)
+ Gjo(Wierj1 — 1)) (58)
The accuracy of J,(¢, ) is given by
kJ]2(§a l//) = J({v lp)
L& [a_z&/f_ WY | PLoy_ L ou
3 laxay®> ayax® axday oaydox

<a§ A T ) (azg azg) >y
+ (= +l=-=
ax ax2dy  dy dxdy? ax*  ay*) oxay
(P L (Y
dx 9x*dy 9y dxay? ax?  0y?
0% 4
o ay} + 0(d?). (59)
From (50) and (59), we see that 20,(, ¢) — Jo(¢, ¢) is a
fourth order approximation of the Jacobian; that is,
200& ¥) = D& ) = T (L ) + O(d?). (60)

IV. CURVILINEAR GRIDS AND
BOUNDARY CONDITIONS

Consider an orthogonal curvilinear coordinate system,
(& m). Define m and n as

K2 __om
(55)‘,C (55)11’

(61)

where (85); is the increment of distance for a change of 6¢
in & and (6s), is the increment of distance for a change of
on in m. The wind components in the ¢direction and 7-
direction are
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_lde  _ldn
““wmar U nac ©2)
respectively. Divergence and vorticity are
d (u d (v
. = — =]+ —1—
vovsmn [a§<n> o (mﬂ (©)
and
Jd (v J (u
k-VXv= —=l=)-—=\=]| 4
voemlGE)-nk)] e
The vorticity equation (1) becomes
% _ —mn [E%+£a—g] (65)
ot noé moan

Since V - v = 0 in two-dimensional incompressible flow,
we define a stream function by

v _

u_ 9y

n o’ m o9& (66)

The vorticity equation (65) can be rewritten as

o) =alield) 53 ()] -veon

where

ap 0 op 0
J(’)_Pq P 0q

S 9Edm I o€ (68)

The integral constraints (5), (6), and (7) hold for this
Jacobian, if the bar is redefined as the average over the
domain in the (& m) plane. We see from (67) that the
conservations of mean vorticity, {/mn, mean square vortic-
ity, £*/mn, and mean kinetic energy, (u*> + v?)/2mn, in a
closed domain, along the boundary of which i is constant,
again result from these integral constraints on the Jacobian.
Therefore, for a square grid, in the & 7 plane, which has
the grid interval A¢ = An = d, the same difference scheme
that was derived above can be applied to the right-hand
side of (67).

In order to maintain the integral constraints in a
bounded domain, the boundary must be treated properly.
For simplicity, let us consider a domain, bounded by the
coordinate lines n = 1y and n = m; = my + Jd. A cyclic
change is assumed in the &-direction. If the domain is
closed, in the sense that (v/m),-, and (v/m),-, are zero,
¢ is constant along each of the boundaries. We define
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indices i, j as § = id and 7 = 1y + jd. The boundaries are
j=0andj=J.

If the finite difference scheme derived in Section II is
used for the term on the right in (67) at the inner grid
points, then

(L), - satew (69)

Jt \mn

forj=1,2,...,J — 1, where J;;({, ) is given by (46).
The area represented by the grid point (i, j) is (d*/mn)i, j.

Consider, first, the case where m is finite at the boundary.
Let the areas represented by the grid points (i, 0) and
(i, J) be (d*/2mn); and (d?/2mn); ;, respectively.

For example, let us consider the boundary j = 0. Since
the scheme given by (69) is used at grid point (i, 1), and
the general form of the vorticity and the square vorticity
conserving scheme can be written as (25), we can write

0 (1
EY <§ m_§n>i,0 = a;0,+10(Gi0 t Giv10) — Ai-10.:0(&i-10 + Lio)

- ﬁ[(‘ﬁmo + Y11 — Yici0 — Yi-11)
(70)
(Lot &) + (W10 — i) (Lo + &Ge1n)

+ (Y1 = Pim10) (G110 + Go)]-
Corresponding to (18) we have
(@ig:i+10 = i-10:i0)

1y
12d?

(71)
2‘!fi+1,o - 2914‘—1,0 + l!jiﬂ,l - ¢’i—1,1] =0.

As ;o does not depend on i, (71) can be rewritten as

1
aio;i+1,0 — sz (lrlfi,l + lrlfi+1,1 - ‘l/i,O - l)[/i+1,0)
(72)

1
= Gic10i0 T 5 (Wicq + i — P10 — Pio)-

Since the right-hand side of (72) is obtained by replacing
i by i — 1 in the left-hand side of (72), the quantity
i i+10 — (Yin + Y1 — Yo — Yir10)/12d? is a constant
which does not depend on i. Because the right-hand side
of (70) must approach —(u/2n)(3{/9€), it can be shown
that the constant must be zero.
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Equation (70) becomes u 1

<;>i,j+1/2 = (Y = $ijn1), (77)
L] (1 i)
ot\2mn/io v :1 o

<m>i+1/2,j d (W1 = W) (78)

1
DL [(io + 10 = Pin = $ie11) (Lo + i)
From (75) and (76), we can put

- (‘/jifl,() + ’Jli,O - lyllifl,l - ll’i,l)({i*l,() + gi,O)

(73)
+ (P10 + Yiera — Ym0 — Yim1) (G0 + Gin) E <; m§n>lo = —52 9 <%)i’1/2, (79.1)
+ (P10 = 1) (Gio + Gis1)
o(L L) _1go(u
T (Wi = Yin10) (611 F &) Z ot (2 mn)u - d Z at <m>i,/1/2' (192)
where ) )
It can be shown that the integral constraint ¢J/({, ) =
o =W, (73) 0 is also maintained if this mean is replaced by
for all /. > [1 Bo D& ) + 3ty (6 + 29 ¢)],
Similarly, we obtain ~ 127" a P
(1 ¢ where 3 J;0(, ), J;;(¢, ¢) and 5 J;,,(£, ¢) are given by the
t\2mn)is right-hand sides of (73), (46), and (74), respectively. The

finite difference expression for the conservation of the
p
= ——— (s + v — s — Yirs) (G + Gor) kinetic energy, in this scheme, is written as
12d i i+1,J— I, i+1, i, i+1,

—(i1s1 + g1 — Y — Gig) (G + G)
(74) _E Yoy, at 2mn i0 24’” mn)i;
— (Girrg1 + iy — Yirga — Yir ) (G + G) =1
= (i1 = i10) (G101 + Gis) + (1 ¢ >
“ot\2mn)is
= (Yie1s = ig-1) (Gig + Gins-1)]s
1 d
where d [wLOZ az( ) 2,: ]2; dj”{ <n>z+1/2]
Uiy =V,, (74") _a <_> Lo <_> _ 8 (_> }
ot\n/i-12,j ot \mj)ij-12 0ot \m)ij+12
for all i. ¥y and P, are functions of time only.
The conservation of vorticity takes the form — Yy E (”) ]
W ot iJ-1712
o) S ) 5 )
+> (=) += =0. _1 _ d(u
Z [ (2 mnj/io 1_21 at \mn)i; 2mn)ig = EZ []20 (i = thije1) o (a)i,ﬁm

(75)

: Jd (v
Consider, now, the finite difference analogues of the + ; (Y1) — llfi,/)a_t <;>i+1/2,j:|
vorticity, ¢, and the wind components, # and v, given by

Soflu S0 _
( ¢ > 1 <v> (U Z |:120 at <2mn>l,+1/2 25(5%)144/2/} =0
mn ,,__[ n 1+l/2,j_ >l 112,

mn/ij d|\n)i nji- (80)
+ <1> - (l) ] (76) Equations (73), (74), (73"), (74"),. (79.1), and (79.2) com-
mjij-112 m)ij+12 pletely define the boundary conditions. In the simple case
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when m and n are functions of j only, it is convenient to
divide the stream function into two parts,

=Y+, \I’j:%,,‘, (81)

where ( )l denotes the mean in i and the prime denotes
the deviation. Now, let m;; = m; and n, ; = n;. From (79.1)
and (79.2), we get

9 - _ (1. &
6[01’0 V1) d( >1/28t(2mn)i,0’

_p(m 9 1i)
d (n)/uz ot (2 mn)is’ (83)

where the time derivatives in the right-hand sides are given
by (73) and (74). At the inner points, 0 < j < J, we have

i3

J
Py (V)1 — )

- (2) -]

i (84)
=42 9 (i)
ot\mn/ij
For the deviation part, we have
a (ﬂ) (vt —w-)—(ﬁ) (W — ¥ie0)
at | \m)j—1p2 w1 ”’ m/)jin witl
n ro by e 2@ (LY
+ <m>] (wﬁ-l,] + lﬂz—l.] 2¢t,1):| d ot <mn>i,]‘ (85)
for 0 <j < J, and
'M,o =0, lﬁf,] =0 (86)

The time derivatives on the right-hand sides of (84) and
(85) are given by (69).

If m becomes infinite at n = 7, then n = 7, becomes
a singular point, like the pole in a polar coordinate system.
In this case, (73) must be replaced by

6%(8 &) = 12d2 2 (W10 + isin — Y10 — Pica1)
(Lo + Gia) + (W0 — i) (Lo + L) (87)
+ (i1 — Yim10) (G110 + )]
and
lﬁi,o =7, (87,)
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for all i, where {, and W, are functions of time only. [ is
the number of grid points on the line n = 1y + d and ed?
denotes the area represented by the singular point. In
addition, (79.1) must be replaced by

] o1&
SOy ‘325<—>m

W
i 16t< >11/2( 0

2 — Y1)

Equations (87), (87'), and (88) completely define the condi-
tions at the singular point.

V. CONCLUSION

It was shown that in two-dimensional incompressible
flow some of the integral constraints on quantities of physi-
cal importance, such as the conservation of mean kinetic
energy, mean square vorticity, (and mean vorticity itself),
can be maintained if the finite difference analogue for the
advection term is properly designed.

Since the required constraints are on the advection term,
which has the form of a Jacobian operator for the flow
considered, the finite difference scheme for the Jacobian
must have a certain restricted form. Based upon a consis-
tent interaction between grid points, a general form of
finite difference Jacobian, which maintains the integral
constraints, was derived. Examples were given for the sec-
ond-order nine-point scheme and the fourth-order thir-
teen-point scheme. The boundary conditions at a wall, and
the conditions at a singular point in a curvilinear grid,
which satisfy the integral constraints, were also indicated.

When the quadratic quantities are conserved in a finite
difference scheme, nonlinear computational instability
cannot occur. This follows from the fact that if the square
of a quantity is conserved with time when summed up over
all the grid points in a domain, the quantity itself will be
bounded, at every individual grid point, throughout the
entire period of integration.

Phillips [2] attributed the cause of nonlinear computa-
tional instability to ““aliasing,” or misrepresentation of an
unresolvable short wave by a resolvable longer wave in the
computed time derivative of the stream function. However,
aliasing does not necessarily mean a false production of
energy. Whether amplification does or does not occur de-
pends on the phase relation between the misrepresented
wave in the time derivative and the wave which is al-
ready present.

Aliasing does exist in the finite difference scheme devel-
oped in this paper. It may appear as a phase error or as a
distortion of the spectral distribution of energy. But the
total energy and the average scale of the motion is free
from aliasing error in this scheme.
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Lilly [9] compared the aliasing error with first derivative
errors in a limited component wave system. He used the
difference scheme given by (45) and found that the aliasing
error was smaller than the first derivative errors. If a uni-
form or large-scale flow is superposed on such a limited
component wave system, as is often done, the first deriva-
tive errors become even more serious, while there is no
additional aliasing error. The higher order scheme, derived
in Section III, will decrease the first derivative errors con-
siderably.

A numerical example, which uses the scheme derived
in this paper, will be given in Part II of this paper. Compari-
sons will be made, there, with the results obtained with
the usual space difference scheme, showing not only the
stability of the two schemes but also their influence on the
spectral distribution of kinetic energy and the frequency
distribution of vorticity. The time-differencing problem
will also be discussed in Part II.

It is clear that the advective term, in a finite difference
scheme, can only transfer properties within the range of
scales of motion that are resolved by the grid. The advec-
tion term cannot produce any interaction between the grid-
scale motions and subgrid-scale motions, which are too
small to be resolved by the grid. If we have a certain grid
size and wish to simulate by finite difference methods the
interaction between the grid-scale motions and some sub-
grid-scale motions, then we must add to the advective terms
of the finite difference scheme some additional terms which
represent the physical process of grid-scale subgrid-scale
interaction. The additional terms should be determined by
physical considerations only, and not by the computational
need to absorb any falsely generated energy produced by
truncation error.

The finite difference scheme for the Jacobian, derived
in this paper for two-dimensional incompressible flow, can
be applied to equations for quasi-nondivergent flow, if the
advection terms have the form of Jacobians. An example
is the quasi-geostrophic system of equations [10], which are
the equations of first order approximation for geostrophic
motion of type 1 [11], that are valid for the cyclone-scale
motions of the atmosphere. In this case, the conservation
of the energy (which is now the sum of kinetic energy and
available potential energy) and the conservation of the
mean square potential vorticity, which are quadratic quan-
tities, are maintained in this finite difference scheme.

The fundamental concept of this paper is that a finite
difference scheme expresses the interaction between grid
points. This concept can be used to design computing
schemes for more general flow. It has already been used
to obtain a second order computational scheme for the so-
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called “primitive equations.” This scheme is being used for
numerical experiments with the Mintz—Arakawa general
circulation model [12].

The higher order scheme, derived in Section I11, is being
used for quasi-geostrophic numerical weather predictions,
on an operational basis in Japan [13].

The scheme which conserves the mean kinetic energy,
but not the mean square vorticity, (Eq. (37)), has been
used by Lilly [14] for two-dimensional convection studies,
and by Bryan [15] for ocean current calculations.

A scheme which conserves the mean square vorticity,
but not the kinetic energy, was independently derived by
Fromm [16] and has been used by him for computing two-
dimensional viscous flow.
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